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Abstract
Using field theory we calculate the Casimir energy and Casimir force of two-component Bose-
Einstein condensates restricted between two parallel plates, in which Dirichlet and periodic bound-
ary conditions applied. Our results show that, in one-loop approximation, the Casimir force equals
to summation of the one of each component and it is vanishing in some cases: (i) inter-distance
between two plates becomes large enough; (ii) intraspecies interaction is zero; (iii) interspecies
interaction is full strong segregation.
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I. INTRODUCTION
Approximately 70 years have passed since H. B. G. Casimir published his famous paper
[1], which mentioned a new kind of the force caused by the distorted vacuum fluctuation
of quantized electromagnetic field and called Casimir force, there are many attentions to
research the Casimir force in both experimental and theoretical sides in many scopes of
physics: massless scalar field [2], quark matter [3], quantum liquids [4], nanotechnology and
many others [5].
In field of Bose-Einstein condensate (BEC), the Casimir force is considered as the quan-
tum fluctuations on top of ground state, which corresponds to phononic excitations [6–9].
For the noninteracting BEC the Casimir force is vanished [6, 7] and in limit of weakly
interacting BEC this force is nonzero [8, 9]. Besides, the Casimir force in BEC at finite
temperature was considered in Refs. [6, 7, 10]. Although the Casimir force of a BEC has
not been measured yet but a successful for Casimir-Polder force in both theory [11] and
experiment [12] are the motivation for physicists in BEC field.
To our understanding, the study of the Casimir force in two-component Bose-Einstein
condensates (BECs) is so far still absent although many aspects have been researched, for
example, statics properties [13–15], dynamical excitations [16, 17], etc. The goal of this paper
is to remedy this gap. To do this we consider a BECs is confined to a parallel plate geometry
with the size Lx, Ly and inter-distance is L = Lz, which satisfies condition Lx, Ly ≫ L. This
means that our system is limited in the volume V = LxLyL as was discussed in [18]. Here
we assume that two plates perpendicular to z-axis.
This paper is organized as follow. In Section II we investigate the Casimir energy and
Casimir force of BECs. The conclusions are given in Section III to close the paper.
II. CASIMIR FORCE OF BOSE-EINSTEIN CONDENSATE MIXTURES
Let us begin with the idealized binary mixture of Bose gases, without external field, given
by the Lagrangian density [19, 20],
L =
∑
j=1,2
[
i~
2
(ψ∗j∂tψj − ψj∂tψ∗j ) +
~
2
2mj
|∇ψj |2
]
− V, (1)
2
in which, the interaction potential has the form
V =
∑
j=1,2
(
−µj |ψj|2 + gjj
2
|ψj |4
)
+ g12|ψ1|2|ψ2|2, (2)
where, for species j, ψj = ψj(~r, t) is the wave function of the condensate, which plays the
role of order parameter, mj , µj are atomic mass and chemical potential, respectively. The
strength of repulsive inter- and intraspecies interaction determined by gjj = 4π~
2ajj/mj > 0
and g12 = 2π~
2a12(1/m1 + 1/m2) > 0, and ajj′ is the s-wave scattering length, relevant at
low energies. We consider here both cases: the system is miscible when g212− g11g22 < 0 and
immiscible if g212 − g11g22 > 0 [21].
By setting ψj(~r, t) = Ψj(~r)e
−iµjt/~ one can obtain the time-independent Gross-Pitaevskii
(GP) equations
− ~
2
2m1
∇2Ψ1 − µ1Ψ1 + g11|Ψ1|2Ψ1 + g12|Ψ2|2Ψ1 = 0, (3a)
− ~
2
2m2
∇2Ψ2 − µ2Ψ2 + g22|Ψ2|2Ψ2 + g12|Ψ1|2Ψ2 = 0. (3b)
Now we invoke field theory to consider. In tree-approximation, the inverse propagators
correspond two fields are
D−11 (k) =

 ~2~k22m1 −ω
ω ~
2~k2
2m1
+ g11Ψ
2
1

 ,
D−12 (k) =

 ~2~k22m2 −ω
ω ~
2~k2
2m2
+ g22Ψ
2
2

 . (4)
and the density profiles correspond to minimum of potential (2), namely,
−µ1Ψ1 + g11|Ψ1|2Ψ1 + g12|Ψ2|2Ψ1 = 0, (5a)
−µ2Ψ2 + g22|Ψ2|2Ψ2 + g12|Ψ1|2Ψ2 = 0, (5b)
yielding
|Ψ1|2 = g22µ1 − g12µ2
g11g22 − g212
, |Ψ2|2 = g11µ2 − g12µ1
g11g22 − g212
. (6)
It is easily to see that, in tree-approximation we get the profiles (6), which coincides with
the one of Thomas-Fermi approximation applied for GP theory [22]. In this approximation,
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Bogoliubov dispersion relation for condensate j reads as
Ej(k) =
√
~2k2
2mj
(
~2k2
2mj
+ gjj|Ψj|2
)
. (7)
In long wavelength limit, Eq. (7) reduces to
Ej(k) ≈ k
√
~2
2mj
gjj|Ψj|2, (8)
which corresponds to Goldstone bosons due to U(1) × U(1) breaking. This quasi-particles
propagate in the same way as photon of electromagnetic field in original Casimir’s calcula-
tions [1], of cause, in our case, the velocity of quarsi-particles equals to the ’sound velocity’.
Next we consider the system in one-loop approximation. In this limit, the thermodynam-
ical potential can be written as [24],
Ω = V +
∑
j=1,2
1
2
∫
β
Tr lnD−1j (k), (9)
where we used the notation ∫
β
f(k) = T
+∞∑
n=−∞
∫
d3~k
(2π)3
f(ωn, ~k),
and ωn is Matshubara frequency. For the first term in right hand side of (9), combining (2)
and (6) one get
V = g11µ
2
2 − 2g12µ1µ2 + g22µ21
2(g212 − g11g22)
. (10)
After renormalization, the chemical potentials can be found based on (9) by taking derivative
the the thermodynamics with respect to density particle nj = |Ψj|2,
µj = − ∂Ω
∂nj
.
These equations lead to
µ1 = g11n1 + g12n2,
µ2 = g22n2 + g12n1. (11)
Hence, reinserting (11) into (10) one obtains the energy density
E = 1
2
(g11n
2
1 − 2g12n1n2 + g22n22). (12)
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It is obviously that this result coincides to well-known result of Lee and Yang for single
component Bose gas [25].
Making summation over ωn, the second term in right hand side (9) has form
1
2
∫
β
Tr lnD−1j (k) =
1
2
∫
d3~k
(2π)3
[
Ej + 2T ln(1− e−Ej/kBT )
]
, (13)
with T is temperature and kB be Boltzmann constant. Note that we are studying on Casimir
energy and Casimir force at zero-temperature caused by quantum fluctuation, therefore the
temperature-dependence term can be dropped out of (13). The free energy in one-loop
approximation (9) can be rewritten as the one for single component Bose gas [24],
Ω = V + Ω1 = V +
∑
j=1,2
Ω1j , (14)
with
Ω1j =
1
2
∫
d3~k
(2π)3
√
~2k2
2mj
(
~2k2
2mj
+ gjjΨ2j
)
+∆1jΩ. (15)
Here ∆1jΩ is one-loop counter term, which cancels the ultraviolet divergences [24].
For sake of simplicity, we introduce healing length ξj = ~/
√
2mjnj0gjj as the unit
of length, dimensionless wavelength κj = kξj and the order parameters are scaled φj =
Ψj/
√
nj0 with nj0 is bulk density of component j. In this respect, Eq. (15) has the form
Ω1j =
gjjnj0
2ξ3j
∫
d3~κj
(2π)3
√
κ2j (κ
2
j + φ
2
j ). (16)
Now let us investigate the Casimir energy of BECs confined between a pair of parallel plates.
Let Lj being inter-distance (in unit of healing length) of double plates, we have to quantize
the momentum component perpendicular to the plates as follows
κ2j → κ2j⊥ + κ2jn, κjn =
2πn
Lj
≡ n
Lj
, Lj =
Lj
2π
, n ∈ Z. (17)
This means that the periodic boundary condition is employed in Eq. (17). Correspondingly,
the integral over momentum perpendicular to the plates is replaced by a summation∫
d3κj
(2π)3
→
∞∑
n=−∞
∫
d2κj⊥
(2π)2
. (18)
Applying Eqs. (18) and (17) into (16) we arrive
Ω1j =
gjjnj0
2ξ2jL
2
j
∞∑
n=−∞
∫
d2κj⊥
(2π)2
√
(L
2
jκ
2
j⊥ + n
2)(M2j + n
2), (19)
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with
Mj = Lj
√
κ2j⊥ + φ
2
j . (20)
As pointed out in Refs. [9, 23], within Dirichlet boundary condition applied to parallel
plates, Casimir energy related to the free energy in one-loop approximation for each unit
area satisfies
Ω1 = LΩ1
∣∣∣∣
V
+
∑
j
ECj, (21)
in which
EC =
∑
j=1,2
ECj, (22)
is called Casimir energy. The summation in (19) can be evaluated by using Abel-Plana
formula [3],
∞∑
n=0
f(n) =
∫
∞
0
dxf(x) +
1
2
f(0) + i
∫
∞
0
dx
f(ix)− f(−ix)
e2πx − 1 . (23)
Note that the first term in (23) is divergent but it is absorbed by the counter-term. The
term f(0) in (23) cancels out. The result is
ECj = −2gjjnj0
ξ2jL
2
j
∫
∞
0
d2κj⊥
(2π)2
∫ Mj
Ljκj⊥
√
(x2 − L2jκ2j⊥)(M2j − x2)
e2πx − 1 dx. (24)
By changing the order of integrations in (24), the κj⊥-integral can be performed and we
express (24) in the form
ECj =
∫
∞
0
dx
ρj(x, Lj)
e2πx − 1 , (25)
with ρj(x, L) is density of state function for component j, which has the form
ρj(x, Lj) =


− gjjnj0
8πL
4
j ξ
2
j
[
x
√
L
2
jφ
2
j − x2(2x2 − L
2
jφ
2
j) + L
4
jφ
4
j tan
−1( x√
L
2
jφ
2
j−x
2
)
]
, when 0 ≤ x < Ljφj ;
−gjjnj0φ4j
16ξ2j
, when x ≥ Ljφj .
(26)
We easily see that the strength of interspecies interaction is not contained directly in Eqs.
(25) and (26), it is included in φj [see Eq. (6)].
Based on this we can calculate Casimir force, which is defined as
FC = −∂EC
∂L
= − 1
2π
∑
j=1,2
∂ECj
∂Lj
. (27)
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Combining (27) with (25) and (26) one finds
FC =
∑
j=1,2
gjjnj0
2π2ξ2jL
5
j
∫ Ljφj
0
x3
√
L
2
jφ
2
j − x2
e2πx − 1 dx. (28)
This equation shows that:
- For ideal Bose gases gjj = 0 the Casimir force is vanished as discussed in [6, 7] for single
BEC.
- In case interspecies interaction is absent (two components are miscible) g12 = 0, the
system behaves as the single BEC.
We consider now the Casimir force in large inter-distance limit. In this limit, we can check
that integral in (25) get exponentially decay and is going to zero very fast. By introducing
y = x/(Ljφj) the first region of density of state in (26) can be rewritten as
ρj = −
gjjnj0φ
4
j
8πξ2j
[
y(2y2 − 1)
√
1− y2 + arctan y√
1− y2
]
, (29)
with 0 ≤ y < 1. Expanding (29) in power series around y = 0 one arrives to
ρj ≈ −
gjjnj0φ
4
j
8πξ2j
[
8x3
3L
3
jφ
3
j
− 4x
5
5L
5
jφ
5
j
]
. (30)
Plugging (30) into Eq. (25) and keeping in mind that we are considering here the weakly
interacting system so Ljφj ≫ 1, one is able to evaluate the integral in (25) and result is
ECj = −
m3jc
2
j
360π~2
(
φj
L
3
j
− 1
7φjL
5
j
)
, (31)
with cj =
√
µj/mj is sound speed of condensate j. From Eqs. (27) and (31) the Casimir
force can be found in this limit
FC ≈ 1
720π2~2
∑
j=1,2
m3jc
2
j
(
3φj
L
4
j
− 5
7φjL
6
j
)
. (32)
In order to illustrate above calculations, we made some numerical computations. If we
introduce a dimensionless quantity
K =
g12√
g11g22
, (33)
and consider the case in which two-phase coexistence in equilibrium state, Eq. (6) can be
rewritten as
|φ1|2 = |φ2|2 = 1
K + 1
. (34)
7
FIG. 1. (color online) Casimir force versus L at K = 0.5 (red), 1 (green) and 1.5 (blue).
(a) (b)
FIG. 2. (color online) Casimir force versus the interaction parameter at L = 1 (red), 2 (green), 3 (blue).
Note that for dilute gas, for single component BEC condition na3 ≪ 1 (in their unit) has to
be satisfied [9, 24]. For binary mixtures of Bose gases we request that njj′a
3
jj′ ≪ 1, however
the definition (33) is equivalent to
K =
m1 +m2
2
√
m1m2
a12√
a11a22
.
Since mj is fixed for a given system and all three scattering lengths can be changed largely
independently by using the technique of Feshbach resonances [26], so K can run from zero
to infinity for the case immiscible. For simplicity we study on the symmetric case with
g11 = g22 ≡ g, ξ1 = ξ2 ≡ ξ, n10 = n20 ≡ n0: in Fig. 1 one expresses the Casimir force as a
function of the effective inter-distance L at several values of K, including miscible K = 0.5,
demixing K = 1 and immiscible regimes K = 1.5. We can see that as L increases the
Casimir force approaches to zero very fast and there is a singular at L = 0; The Casimir
8
force as a function of 1/K is plotted in Fig. 2(a) for immiscible case and versus K for
miscible case in Fig. 2(b), we can see the suitability with Fig. 1. It also shows that for full
strong segregation K →∞ the Casimir force going to zero.
III. CONCLUSION AND OUTLOOK
In the foregoing section we calculated the Casimir energy and Casimir force of BECs
at zero temperature within framework of field theory in one-loop approximation and the
periodic boundary condition is employed for z-direction. The our main results are in order
- Casimir energy of system is summation of the one for each component and is calculated
via the density of state. For large inter-distance the Casimir energy decreases as L−3. This
result is the same as those for single component BEC.
- Casimir force is defined as the first derivative of Casimir energy with respect to plate
separation. Imposing the periodic boundary condition this force is repulsive. The same
as the Casimir energy, the Casimir force FC equals to summation of FCj corresponding to
component j. At large L this force is decay to zero as L−4 and this force is also vanishing in
case of full strong segregation g12 →∞. For the case of non-interspecies interaction g12 = 0
the system behaves as two distinguishing single BEC.
- Numerical computations for the Casimir force are made and show the its dependence
on the parameters.
There is also an important result, Casimir force (and, of cause, Casimir energy) will be
suppressed when K tends to infinity and L is finite. In mathematically, from Eq. (34) one
can expand (28) in power series
Fc ≈
∑
j=1,2
gjjnj0
2π2ξ2jLj
[
φ4j
32
− Ljφ
5
j
15
+O(φ6j)
]
. (35)
This equation confirms the result presented in Fig. 2 for 1/K → 0. That is interesting if we
can check it experimentally.
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